We calculate the fast Fourier transforms of the color-matching functions for the CIE 1931 standard observer with reference to the XYZ primaries. From an analysis of the Fourier-transform moduli thus obtained, we were then able to study the sampling theorem to get mathematical formulas that lead to the reconstruction of the color-matching functions at limiting frequencies of 0.02 and 0.05 cycle/nm. This reconstruction proves to be highly reliable at a sampling interval of 10 nm and perfectly acceptable at 25 nm and even wider intervals.
INTRODUCTION
Some researchers in colorimetryl' 3 have used the Fourier analysis to represent, for example, spectral reflectance functions in terms of frequency-limited functions, that is, those functions whose Fourier transform is 0 above a certain frequency (limiting frequency). Buchsbaum and Gottschalk 2 included a graphic representation of the modulus of the discrete Fourier transform of the color-matching functions for the CIE 1931 standard observer. It can be deduced from these representations that each of the Fourier transforms of the three color-matching functions vanishes above a certain frequency. Barlow 4 reported similar results after applying the Fourier transform to the Smith-Pokorny fundamental spectral sensitivities as did Benzschawel et al. 5 by analyzing color-vision mechanisms based on various different models.
In the research of Buchsbaum and Gottschalk 2 it is shown that the modulus of the Fourier transform obtained for the YA function seems to become 0 at a frequency even lower than 0.01 cycle/nm. This result appears to us to be of great interest if our intention is to apply the sampling theorem 6 to the color-matching functions of the standard observer.
In fact, if a function M(A) had a limiting frequency of 0.01 cycle/nm, this would mean that we could sample it at a minimum frequency of 0.02 cycle/nm, i.e., at wavelength intervals of 50 nm, and reproduce it, without losing any information, in the form
M(A) M( -)sinc[2f(A -2)] (
where fi is the limiting frequency. If we consider that M(A) is one of the color-matching functions and take the visible spectrum to be 360-760 nm, where the function has values significantly different from 0, it will be sufficient to sample eight values of the function in order to obtain its analytical representation. This could imply a reduction in the number of experimental measurements needed to determine colormatching functions and also to arrive at analytical expressions for them, which we do not have at present. In this way our intention has been to achieve a spectral analysis of the color-matching functions for the CIE 1931 standard observer and to study whether the color-matching functions can really be considered as being frequencylimited functions. If this were so, it would be possible to arrive at their theoretical reconstruction with the use of a mathematical expression such as formula (1) . Although this equation employs sinc functions, which admittedly are difficult to use experimentally as they decay slowly, mathematically it does permit the reconstruction of colormatching functions with well-known functions, which is our prime intention. From the results of this analysis, we hope to formulate a more efficient experimental methodology and also to obtain mathematical expressions for calculating the color-matching functions. Furthermore, in the research of Barlow 4 and Benzschawel et al. 5 some features of the color vision system as a low-pass filter could be deduced. This leads us to be interested in the study of the behavior of color vision mechanisms in the frequency domain.
The problem of reconstructing color-matching functions by this method may be related to the interpolation methods of color-matching function values of Stearns 7 and Erb and Krystek. 8 Actually, these papers were concerned with the analysis of abridgment and truncation problems in the calculation of tristimulus values. While they do indeed elaborate on a prediction method for color-matching functions outside the interval in which the reflectance of an object is measured, this prediction is subject to the calculation method for tristimulus values. However, we will take as our starting point the complete definition of color-matching functions (360-830 nm, AA = 1 nm), taking the most significant interval as being between 360 and 759 nm.
As far as the research of Stiles et al. 1 is concerned, these authors have designed a model for the representation of spectral reflectances of color objects by the sum of sinc functions. In fact, they generated a family of this type of sum in an attempt to represent the real reflectances with the aim of solving the problem of counting metameric objects. The limiting frequency of their sinc functions is between 0.01 and 0.05 cycle/nm, but they indicate that it is necessary to extend the sum of this type of function to include sinc functions centered outside the visible spectrum in both directions to make an adequate calculation of the tristimulus values associated with the reflectances. In our case we consider that the problem is somewhat different because, as is shown in formula (1), although we are using sinc functions that decay slowly, they are multiplied by the value of the color-matching function in each wavelength in which they are centered, which means that they can be used only within the visible spectrum. Strictly speaking, when carrying out a discrete Fourier transform, one should be certain that the frequency of the sample of the signal (in our case 1 cycle/nm) is equal to or greater than double the limiting frequency; that is, in order to make the transform, we must presume that it will vanish at frequencies of less than 0.5 cycle/nm. Thus, as we have the color-matching functions only as a discrete set of values, we must take it that this is in fact what happens. Previous results of Buchsbaum and Gottschalk 2 and the graphic expressions of the color-matching fiinctions by Wyszecki and Stiles 9 support this idea and lead us to believe that there will be no contribution at high frequencies.
FOURIER ANALYSIS OF COLOR-MATCHING FUNCTIONS
However, we know that a function that exists only in a finite interval cannot mathematically be band limited, and therefore, strictly speaking, the sampling theorem does not hold. We may therefore find that the colormatching functions are only approximately band limited and that the application of formula (1) extended only to the visible spectrum will give an analytical representation of the functions that is an approximation to the complete analytical representation.
In order to apply the sampling theorem, we have to presume that the FFT's of the color-matching functions nearly vanish at a determined frequency and that this frequency is the limiting frequency used to apply formula (1). We would then have to compare graphically and numerically the reconstruction values with the real values of the corresponding function. Furthermore, the limiting frequency that we are considering would also be affected by the application of the sampling theorem from a Fourier transform that is discrete and not continuous, which is when such a frequency has its exact significance.
To obtain a fine sampling of the FFT modulus and based on the fact that color-matching functions take 0 values in the ultraviolet and the infrared regions, we added 1800 O's equally spaced at 1-nm intervals to each end of the visible spectrum considered and then used 4000 samples to make each of the FFT's (Af = 0.00025 cycle/nm). This Af is 12.5 times better than the resolution in Buchsbaum and Gottschalk, which is Af = 0.003125 cycle/nm.
The FFT moduli for these three functions appear in Fig. 1 . The value for f = 0 cycle/nm, 0.0534, is the result of the sum of all the values of each function divided by half the number of samples. As the sum of the three color-matching functions is the same, this value is the same for the three curves of Fig. 1 .
We may presume that the FFT's for the three functions nearly vanish, although at a different limiting frequency for each. This result is to be expected because YA and 2, for example, are similar in form, although the latter is narrower, which makes its transform vary more slowly with the frequency.
In this way the modulus value for the Fourier transform of the YA function for a frequency of 0.02 cycle/nm can be taken as 0, although the values above a frequency of 0.01 cycle/nm are almost negligible. We emphasize this because in the figures of Buchsbaum and Gottschalk 2 this Fourier transform clearly vanishes at frequencies even lower than 0.01 cycle/nm, which is not in accord with our results. The resolution in their study is 12.5 times lower than that in the present calculation. This difference in resolution is expressed, for example, in the fact that Buchsbaum and Gottschalk had values at only 3 frequency points inside the interval of 0-0.01 cycle/nm, whereas this study has 40 points and hence is much more accurate.
The transform for the XA function also nearly disappears at frequencies greater than 0.02 cycle/nm, and, as we have already mentioned, the behavior of the Fourier transform for ZA is similar to that for YA, except that the latter varies more slowly with the frequency. This leads us to believe that what holds good for YA at 0.01 and 0.02 cycle/nm should apply to 2A at frequencies of 0.02 and 0.04 cycle/nm. In this case the transform nearly vanishes at a frequency of 0.04 cycle/nm or above.
MATHEMATICAL RECONSTRUCTION OF THE COLOR-MATCHING FUNCTIONS
On the basis of the results described above we have tried to reconstruct mathematically the color-matching functions with the use of formula (1) for two limiting frequencies: 0.02 and 0.05 cycle/nm. Within the limitations considered above with respect to the application of the sampling theorem, the expressions that we will use for the mathematical reconstruction of the distinct color-matching functions will be, in the case of fi 
where we have substituted the interval of the sum in formula (1) If we analyze the data in Tables 1-3 we find, as might be expected, that the three functions reconstructed at intervals of 10 nm are similar to the original ones, their values being identical to the second decimal place, and generally to the third, even without rounding off. It can be seen that the greatest similarities occur with the corresponding function at its highest values and thus the relative error at these wavelengths is small.
The results for the functions reconstructed at fi = 0.02 cycle/nm are also satisfactory for the XA and YA functions but not so good for ZA, as we had predicted. In Fig. 2 the original XA function is shown superimposed on the one reconstructed at intervals of 25 nm. The slight differences shown in Table 1 , which also include the inherent error involved in computer calculations, are appreciable only in tiny variations in the first peak of the function. When the same thing is done for the YA function, no differ- ence whatsoever is to be observed, and, for this reason, we have not included the corresponding figure.
Nevertheless, we considered it worthwhile to include a representation of the original YA function together with its reconstruction at f = 0.01 cycle/nm, that is, with eight terms in the sum of formula (1), n from 8 to 15, sampled at intervals of 50 nm from 400 to 750 nm (Fig. 3) . In this case the reconstructed function is slightly displaced toward the long wavelengths. We have included this figure to show that, although the fitting of the two functions is not excellent, it is no worse than that found by comparing the color-matching functions measured by different normal observers (see Ref. 9, pp. 343-347, 383, and 396). The same can be said for the representation in Fig. 4 of the reconstruction of the A function at intervals of 25 nm. We made a numerical estimation of the differences between the original and the reconstructed functions (Table 4) by calculating the mean absolute error, defined as
where M(A) and M'(A) are the original function and the reconstructed one, respectively; N = 400 if it is implied that we have sampled values of the functions at intervals of 1 nm, from 360 to 759 nm.
The results in Table 4 support the conclusions to be drawn from the analysis of Fig. 1 as to the number of decimal places to which the reconstructed function coincides with the original. Of i, YA, and A, the set of functions that fits most reliably is XA, although 5 iA is equally reliable at AA = 25 nm.
Furthermore, if we calculate a relative error for the reconstruction, dividing the values of (d) in Table 4 by the mean value of the respective function, i.e.,
N2v vis we obtain the values of (r) indicated in Table 4 , which may be understood as a percentage of error in the reconstruction. Thus the reconstructions imply errors of less than 1% and 2% when AA = 10 nm and AA = 25 nm, respectively, with the exception that, for z(A), the error is 7% when AA = 25 nm.
We can conclude that the reconstructions of the colormatching functions are always satisfactory when the color-matching functions are sampled at intervals of 10 nm, which means that it is possible to reduce the number of the experimental measurements necessary for their determination. Intervals of 25 nm, involving measurements at 16 or 17 wavelengths, may even give acceptable results. Nonetheless, the calculation of the color-matching functions is carried out experimentally on functions that refer to real primary colors, with all three functions being measured simultaneously, and, for this reason, the frequency of sampling depends on the results obtained for ZA, the function that behaves least reliably. Whatever the case, the frequency of sampling will always depend on the experimental objectives laid down. The YA function is of great interest because it coincides with the photopic luminous efficiency function VA, which results from independent experimental measurement.
This function is of summary importance in photometry, and so a reduction in the number of spectral measurements necessary for its determination would be extremely useful; in fact in our analysis we get the best results for this function. We also have at our disposal a mathematical expression with a number of terms in the sum that can be altered according to the degree of reliability desired.
We also conclude that our method for reproducing colormatching functions is applicable to obtaining values for a determined function at wavelengths for which it has not been measured, for example, if the measurements have been made at 5 nm, and values at 1 nm are required. It is plausible that this mathematical analysis may also be used in other spectral functions in color vision as it is reasonable to presume that the application of Fourier transforms to some of them will produce analogous results, as Barlow
